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> p := (alpha, beta, y) -> beta^alpha * y^(alpha-1)*exp(-beta*y)/GAMMA (alpha):

> integrate(  y*p(alpha, beta, y), y = 0..infinity);
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Wright (1931) showed that the equilibrium distribution of the allele frequency of p, 
where alleles mutate: P ! Q at rate ! and Q ! P at rate ", can be described by:

L'#$"F)9'+%'&%"#)%#)&23&%)64+-%. :';</<)+'#$"F)0(;:&;'&%"#)%#)(77272*8&2962.4-2:

# = 4Ne!

# <<1: drift dominates

# >>1:  mutation prevents fixation

Drift is more efficient in small populations

(pushes alleles toward fixation: 0 or 1)
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Variable Definition

t time step (the present starts at zero; see figure on the above)

N haploid population size

n number of ancestors present in the sample

Pr(n) probability no ancestors share a parent in the previous generation if n ancestors are present

C(t | n) probability of a coalescent event after the tth generation, conditional on n ancestors in the sample

T(i) Time interval between coalescent events when the sample contains i ancestors 

T Total length of the genealogy
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N"+)$%7("%$<1)θ = 4Neµ
N"+)8'7("%$?F'&/+#'((-C&+'#<F%&&/$1)θ = Neµ
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Information in a genealogy
• Who’s related to whom

– Branching order
– Which individuals share a most recent common 
ancestor (MRCA)

• Time*
– Branch lengths

• Defined as time between pairs of sequences
• T(i) = time during which there are i distinct 
lineages

– Estimated by the number of mutations separating 
sequences

Start with a sample of, say, six genes 

We will building a genealogy from the 
present time, t = 0, backwards in time until 
we are left with the most recent common 
ancestor (MRCA) of the sample. 
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Average coalescence times for i ancestors. E[T(i)]: time measured in generations;
E[T(i)/N]: time scaled by population size (measured in units of N generations).

E[T(i)] E[T(i)/N]
i N=100 N=200 N=1000 N=100 N=200 N=1000
6 6.7 13 67 0.07 0.07 0.07
5 10 20 100 0.10 0.10 0.10
4 17 33 167 0.17 0.17 0.17
3 33 67 333 0.33 0.33 0.33
2 100 200 1000 1.00 1.00 1.00
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Under the WF model, all lineages are equally likely to share a 
common ancestor. Starting with an arbitrary number of genes, n:

1. Draw a coalescence time from C(t | n)
2. Randomly choose 2 samples to coalesce
3. Create a parent lineage at T(n)
4. Decrement n

<Repeat until n = 1>
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We have assumed so far that the population follows the WF model.

Much of the work on coalescent theory in the past 5–10 years explores 
the coalescent when some of the assumptions of the WF model are 
relaxed. 

Some results have been obtained from the Moran model, which allows 
overlapping generations. This model results in a change in the time 
scaling (much like changes in N), but otherwise, they are largely the 
same. 

Some of the other assumptions that have been relaxed include:

• Fluctuations in population size *
• Migration/isolation models (structured coalescent) *
• Recombination (recombination graph)
• Selection (ancestral selection graph)
• Metapopulations (extinction/recolonization)
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Changes in population size that occur on the time scale of the 
coalescent change the shape of the genealogies (more rapid 
fluctuations simply change Ne – the harmonic mean). 

Examples of this effect are shown in the figure to the right. 

Expanding population:
• Produces long external branches on the genealogy. 
• Long external branches result in an excess of singleton mutations. 

Declining populations: 
• Longer internal branches. 
• Long internal branches result in deficiency of singleton mutations. 

Statistical methods have been developed that detect this signal in the 
data. 

V*:+(+-:+-4:

One statistic that is sensitive to departures from the WF model is Tajima’s D

Tajima’s D is defined as the difference between two estimators of theta:

• Watterson’s theta,
• Average number of pairwise differences,

Sθ̂
πθ̂
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θθ
θθ

π

π
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−=

Sθ̂ is sensitive to the number of singletons (mutations on external branches)

is less sensitive to the number of singletonsπθ̂

-D: excess of rare mutations
+D: deficiency of rare mutations
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θ1= 2N1µ

\e;%(%,+%;F)I%G+'&%"#)I"$/(

M1=N1m1

2 .+%0&)F%G+'&%"#)/e;%(%,+%;F
2 *"7;('&%"#)<%g/<)F'-),/)$%00/+/#&
2 I%G+'&%"#)+'&/<)F'-),/)'<-FF/&+%:
2 `C$/F"G+'78%:)7'+'F/&/+)F"$/(

M2=N2m2

You’ve seen the parameter 4Nem before, I use Nem because:
1. We have been talking about a haploid population
2. These rates are decomposed into immigration rates

Gene flow

!+&64+6&2)*L%(72:42.+

• Start at time t = 0 with labeled individuals (A in figure)
• Draw coalescent event from C(t | n) as before

but the rate, $, is the sum of the coalescent and migration rates
• To decide what event, pick an event proportional to it’s rate:

• If it’s a coalescent event, pick two individuals in the same population
• If it’s a migration event, change an individual’s label

?2.2(7%0-4(7*-.+2&3&2+(+-%.*%8*$!;
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Pairwise differences:

KT = A.P.D. among all indivs.in sample
KS = A.P.D. among indivs. within subpopulations
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Pairwise differences:

KT = A.P.D. among all indivs.in sample
KS = A.P.D. among indivs. within subpopulations

1 2 3 4 5 6
1 -
2 0 -
3 1 1 -
4 1 1 0 -
5 1 1 0 0 -
6 1 1 0 0 0 -

Pairwise differences between sequences

1         2        3 4            5        6
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Demography Effect
Ne: scale
Growth: shape
Migration: scale and shape

Scale effect
(height)

Shape effect 
(topology or T(i)’s)
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