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MrAICM.cisautility written in the C programming languagetha applies the stabilized
modd discrimination measure AICM (with assodated MCMC standad error) to
Bayesian phylogenetic andyses. This measure is a pogerior simulation-based andogue
of the AIC modd selection criteria (Akaike 1973) This methodis described in:

Raftery, A.E., M.A. Newton, J.M. Satgopan P.N. Krivitsky (2007)
Estimating the Integrated Likelihoodvia Poderior Simulation Usingthe
Harmonic Mean Identity. In Bayesian Sttistics 8, pp. 145, J.M.
Bernardo, M J. Bayarri, J.O. Berger, A.P. Dawid, D. Heckerman, A.F.M.
Smth andM. West (Eds), Oxford University Press.

1. Method
Objective

We are interested in compaing variousmodds (i.e., hypotheses) to determinethe
extent to which daalend statistical suppot the competing modds. Because the integrated
likelihooddistribution describes the probability of the daa unde themodd, we can use
these distributionsto measure statistical suppott for each modd. One such method of
compaing modds usng theintegrated likelihoodis the harmonic mean approximation of
BayesCfactors. This methodis implemented in thephylogenetic andysis program
MrBayes. The harmonic mean approximation has been shown, however, to be
numerically undable by which we mean can have an infinite variance (e.g., Raferty et al.
2007) Here, we apply a numerically stable discriminaion measure, the Akaike
information criterion-Monte Carlo (AICM) (Raferty et al. 2007). AICM is an andogue
of the Akaike information criterion (AlC) (Akaike 1973) which is defined as:

AIC=2(L,, ! d),

where L, isthemaximum likelihoodof thedaa determined by finding point estimates

of modd parameters tha lead to themaximum likelihoodand d is the nunber of
paametersin themodd. Andogousy, AICM isddined as:

AlCM =20 1 &,
whee |, isan estimate of the maximum likelihoodof the data derived from pogerior

smulationand £ is an estimate of the effective nunmber of parametersin themodd, also
derived from pogerior simulation. Note that AICM is computed from the marginal
poderior distribution of log-likelihoodscores for thedaa (i.e., theintegrated likelihood
distribution).

Theintegrated likelihooddistribution of amodd is obtained by integrating over al
of the parameters of amodd to obtain themarginal pogerior distribution of
loglikelihoodscores for the daa (thejoint probability of al of thedaa obsrvations
measured on the naural log scale). Thisintegration can be performed numerically, asin



Bayesian phylogendic anadyses, by usng Markov chan Monte Carlo (MCMC)
methodobgy. Duringan MCMC run, T samples are drawn from thejoint poderior
distribution of themodd parameters (as well asloglikelihoodscores, L, ) in an identically

distributed but not necessarily independent manne (i.e., sequential draws are
autocorrelated). These samples are stored in theMCMC dataset (a matrix with onerow
for each smulation replication, t, and onecolumn for each quantity of interest to be
monitored in the sampling). Each column of the MCMC daaset containsdraws from the
margind poderior distributionfor tha quantity (where we have integrated out the other
parameters of themodd), and can be summarized descriptively (e.g., means standad
deviations and dengty traces). We can learn aboutthe margind pogerior distributionsof
any paameter to arbitrary precision depending onthetotal number of samples, T.

By approximating theintegrated likelihooddistribution by a shifted gamma
distribution, we are able to relate quantities that we can easily estimate from the margind
poderior distribution of log-likelihoodscores (i.e., means and variances) to the difficult-

to-obtain estimates that we need to calculate AICM (i.e., P and @). Intherest of this

section, | describetherationde behind AICM and expand on current results as follows:

1. Definethe shifted ganma distribution.

2. Calculate the moments of the shifted gamma distribution andytically.

3. Map theintegrated likelihooddistribution to a shifted gamma distribution by
relating the mean and variance of the marginal pogerior distribution of log-
likelihoodscores to themean and variance of the shifted ganma distribution.

4. Relate themean andvariance of themargind pogerior distributon of
loglikelihoodscores to the parameters of the shifted ganma distribution usng
moment estimation assuming alarge sample size.

5. Define AICM unde thelarge sample assumptionin 4. We aso describethe
MCMC sanpling error associated with our estimate of AICM, which is
crudal to determinewhether we have sampled enoughfrom the margind
pogerior distribution of loglikelihoodscores to discriminate among modds.

6. Describeamodd weighting methodtha specifiestherelative statistical
evidence for each modd that is examined with AICM.

1.1 The Shited Gamma Distribution

We approximate the difference between thetrue maximum likelihoodand
independent and identically distributed (11D) draws from the pogerior of loglikelihoods
(i.e,, L,) usngagammadistribution:

X#"L=L,!'L

X ~Gamma(% $' )
whee! istheshapeparameter and” < 1 (butcloseto ong isthescale paameter. (The
symbol! meansis equivalent to, and thetilde meansis distributed as) In this context,
I =d/2, whered isthenumbe of parameters undelying themodd and X isan 1D draw
from thegamma distributon.
The probability dengty fundion (pdf) of Xis:



f(x|", 1)y =c(",1)x" " exp(#x/!),

where values of x from the gamma distribution are always greater than zero (x>0).
Integrating f (X) gives:

&
e, YO ™ exp@x/ ")dx =#(/ )",
0

wheel'(a) isthegammafundion.c(! ,") = ﬁ isanomalization condant tha is

required to makeff (X) =1, and thusaprope probability distribution. So we havethe
0

probability dendty fundion (pdf) of Xis:
() = X" exp@x/ ")

#(, )"! (1)

Note: It isimportant to recognize tha f (x) is notthedigtribution of log-likelihoodscores

(asonewould have in an MCMC dataset, for example); rather it isthedistribution of
differences (distances) of individud draws from the maximum possible log-likelihoodof

themodd (see Fig. 1).
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Figure 1. Log-likelihood and shifted gamma distributions from an unconstrained and constrained model. Data are phylogenetic
sequences of 12 taxa, and the model constraint is monophyly of agroup. (A) Posterior distributions of datalog-likelihoods (L,). (B)
The empirical shifted gamma distribution computed from the raw data as the difference between the maximum observed logL and
each logL in the MCMC dataset. (C) The shifted gamma distribution parameterized by moments estimation using the empirical data.
Notice that the maximum observed logL is approximately 10 logL units from the estimated maximum logL. Also notice that the

variances of the distributions are very similar (unconstrained s°= 21.0, and constrained s°= 20.7; unconstrained @=41.9,

constrained @= 41.4). Therefore, the penalty associated with relaxing the parameter constraint (about 0.6 log-likelihood units) is
dwarfed by the difference in the likelihood of the data under the two models (about 20 log-likelihood units).



1.2 Calculating Meansand Varianaces of Satistical Distributions

The expectation (or mean) of Xis:
E(X) sfxf (X)dx (2
0

Thisintegral is can beviewed as the coninuumlimit of aweighted averagefroma
histogram. If x; isthe value of the bin and h(x;) isthehaght of the bin measured as a
propottion of thetota itemsin the histogram:

E(X) =1 xh(x),
i=1
Asthebin widthsgoto zero h(x) -> f (x)dx and thediscrete sum becomes an integral.

Thevarianceis:

var(X) $ 1 (x# E(X))* f (x)dx 3)

0
These are examples of moments of f(x). In general thei™ moment of f(x) with respect

to ! is M, # | & (x)dx. For theexpectation / = x, andfor thevariance " = (x! E(X))®.
0

We use these ddfinitionsto compute the mean and variance of the shifted gamma
distributon in terms of the parameters, ! and" . By subgituting thefundionf into
Equédions2 and 3 we find tha the mean and the variance of the shifted gamma
distribution (e.g., as stated in Raferty et al. 2007)are:

E(X)=1"

4

Var(X)=1" 2 “)
See appendix 1 for MAPLE codeto do the computation. These formulas allow usto
estimate the parameters! and" usng approximationsof E(X) and Var(X) computed
fromtheddaa

1.3 Mapping the Sanple Moments to the Shifted Ganma Distribution

We can compute L; fromtheMCMC daa, butso far, our work has focused onthe
randomvariable X = Lyax-Li. We need to know how the mean and variance of our data L;
relate to themean and variance of X. We use thefact tha, for any real congantsa and b,
thefollowing two propeties of meansand variances are true



E(aX +b) = aE(X) +b

5

Var(aX +b) = a?Var(X) ®)
L et explore how the expectationsand variances of the two distributionsrelate. For our
MCMC daa, theexpectationis E(L;) and thevariance is Var(L;). For the shifted gamma
modd, the expectationis E(Lmax-L:) andthevariance is Var(Lmax-Lt). Using theequéaions
in (5):

E(L +L,)=!E(L)+L,,

= Lo ! E(LY)
Var(' L, +L,,) =" 1*Var(L,)

=Var(L,)

max)

(6)

It seems tha the only extrathing tha we need to know s Lma. Unfortunaely, in
MCMC applications we are very unlikely to visit Lyax, and often the maximum log-
likelihoodin or MCMC dataset will befar from thetruemaximumvalue (see Fig. 1B
and 1C). We will have to deal with thislater. Remember tha our ultimate god isto be
able to compute AICM, which also containsthe pesky quantity Lmax (Or rather a sample
esimateof it: f__ ).

Table 1. Notation used for MCMC sample estimates of loglikelihoods
Estimate* Meaning

P Estimate of the maximum possible log-likelihoodfor the data: Lmax
Y Expected value of theobrved log-likelihoodMCMC daa: E(L;)
s Variance of theobserved log-likelihoodMCMC daa: Var(L:)

Effective nunmber of parameters of the modd
notation from Referty et al. (2007)

*|

1.4 The Moment Estimator Assuming ” =

We can use moments (mean and variance of the sample) to estimate the paameters of a
distributon. We have relationsbetween the mean and variance of thegamma distribution
and the parameters (Eqs 4 and 6), so we could solve for the parameters, and say, us a
sample mean and variance to estimate the parameters. We also will make an additiond
assumption before we proceed: since we know tha as the amountof data (information)
contributing to theloglikelihoodsinareases " approaches 1, we make thelarge-sanple
approximation that

X ~Gamma(! 1),
which givesus E(X) =! andVar(X) =!, by Equation 4 since we have assumed that
"=1.



Therefore:

'0=E(X) =Var(X)
= Loa ! E(L) (7)
=Var(L,)

Remember tha we do nat know Lmay, butwe can use the aboverelationsto solvefor it:

L' E(L,)=Var(L,)
L. =E(L,)+Var(L,) (8)

Equaion 8 tellsushowto estimate P__ from our MCMC data. Using thenatationin
Raferty et al. (2007) (see Table1), i, =T +s’, where 7 =E(Ly) and s* = Var(L,). We

now need to know how to estimated. Raferty et al. (2007)arrive at an estimate of @ in
two ways:

1) Recognizingtha X ~ Gamma(#,"'") we seetha f(x) can beviewed asa
scaled ! *digtributionwith d = 2! degrees of freedom

2) Thesecond comes from computing theintegrated log-likelihood(i.e., log#(x),
where x isthedaa) fromX ~ Gamma(#, "' ') . This caculationresultsin the
expression:

log#(x) = L, +" logd$!’),
which is similar to the Bayesian Information Criterion (BIC) approximation to
thelogintegrated likelihood:

100" e () = Ly, | 510001

Since logz(y) and log! . (y) convege (become the same) as the amount of

daaincreases, theauthorsequate! = d/2 andBlog(1 B") = log(n) in thetwo
expressions (Note: Thisisaweak andogy withou point 1, since essentially the
andogy says we have something of theform ab =cd. By sayinga=candb=d,
they are picking onesolution out of an infinite number of possible solutions)

In both of these cases, we have:
@=21 =252, (9)



1.5 Estimating AICM fromthe MCMC Data

The Akaike information criterionis defined as:
AIC=2 . ! 2d,
where d is the number of parametersin themodd. Note heretha P__ isan
approximation that has some assodated error. To estimate AICM:
AICM =20 1 28,
Sincef__ =T +s?and @=2s?,
AICM =2(1 +8%)! 45’

=2(1'! s7)
We use the bottom expression to calculate AICM in this program. Note tha Raftery et al.
point outthat AICM is equivalent to the definition of the deviance information criterion
(DIC) in Gelman et al. (2003) An estimate of theMonte Carlo standad error (MCSE).
Given B approximately indgpendent MCMC draws,

MCSE ., = 481(2B) + 48118/ 4+12)/ B, (15)

which we repott in the program.

Note: It isupto theuser to ensure tha the MCMC draws inputinto the program are
approximately indgpendent (not autocorrelated). Thisis achieved by thinningthe MCMC
dataset (i.e., by sub-sampling MCMC dataset every t smulationreplications with t
cho=en to reduae autocorrel ation between successive replicationsso that they are
approximately independent). Otherwise, equaion 8 will beincorrect.

1.6 Conmputing the Akaike Weights from AICM

We are also interested in computng therelative suppott for different modds tha we
compare. We can measure relative suppot by computing the Akaike weights, wi, for each
modd i (Burnhan & Andeason 2002) First, we mug identify thebest K-L modd in the
set R of competing modds, which isthemodd with the maximum AICM, AICM max (O
equivalently theminimum AIC, since thesignsof AIC and AICM are defined to be
different). We will definethedifference between the best modd and other modds tha
we wish to compae as.

"AICM, = AICM,_ ! AICM,.

Note tha since AIC is onthelog-probability scale, subtracting the two measures gives
$AICM; theinterpretation of arelative probabiity ontheraw probability scale. If we
removethe scaling factor of 2 and exponentiate, then we recover this relative probability:

L i
P —exp( = AlCM, [
i expgg 5 i

The Akaike weights are defined as:



exp;J/b;(AICMi$

W= #$, (16)
| expo) - (AICM.
! expg/? 2( M

=1

which we repott in the program.
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2. Compilation

To compile MrAICM from the source code MrAICM.c, navigde to thedirectory that
indudes the source codeand type

gcc MrAICM.c -0 MrAICM -Im

3. Program input

MrAICM requires several inputfiles (present in the MrAICM directory). Thefirst isthe
inputfile Giles.txtO(can have any name). Thisfile tells the program how many
hypothesesto evaluae, the number and names of the*. p files in thedirectory tha contain
theMCMC samples for each hypotesis, and the burnin/thinning intervals to apply to
each set of *.pfiles.



Format of Qiles.txtQ

<# of hypotheses>

<# of *.p filesfor H1> <bumin for H;> <thinninginterval for H;>
E

<# of *.p filesfor H> <bumin for H,> <thinninginterval for H,>

< filename of Hy >.runlp
< filename of Hy, >.run2p
E

E
< filename of H, >.runlp

< filename of H, >.run2p
E

Example of files.txt:
2

2 1001 2
2 1001 2

sym_tentaxa ONEtree AIC3x.runl.p
sym_tentaxa ONEtree AIC3x.run2.p

sym_ tentaxa_ twotree AIC3x.runl.p
sym tentaxa_ twotree AIC3x.run2.p

In this example, there are two hypaheses to test. Thenext two lines (if there were three
hypoteses, then there would bethree lines here) specify the program parameters applied
to each hypothesis. The MrBayes runsunde thefirst hypotess,

sym_tentaxa ONEtree AIC3x, produced two *.p files. The program will apply a bumin
of 1001to each *.pfile, and theloglikelihoodscores will be sub-sampled every two
draws. The MrBayes runsunde the second hypotesis, sym_tentaxa_twotree Al C3x,
produced two *.p files. The program will apply a burnin of 1001to this set of files, and
theloglikelihoodscores will be subsampled every two draws. Following these parameters
isalist of the*.p filesin the order corresponding to the parameter specificationsabove
Theremainingfiles tha are required to runthe program are the*. p filesthat are listed
Qiles.txt.OThese files must be present in the MrAICM directory.

4. Program output

To runthe program, type

IMrAICM files.txt

or to save theoutputto afile, use theredirect opeaator:
IMrAICM files.txt > outputtxt

MrAICM reiterates the settingsfrom theinputfile and reports several quantities of
interest in thelast few lines of the output (Table 2, Example output).




Table 2. Quantities reported by MrAICM.

Quantity Definition

Modd Modd number as ordered in theinputfile. Modds are listed in the
output according to Akaike weights with the first modd having the
largest weight

Akaike Weight Relative suppot for different modds (Eq. 16)

AICM AICM =20 _ 1 2@ (Section 1.5)

SE_AICM Monte Carlo standad error of the AICM estimate (Eg. 15)

d_ha Estimate of the effective number of paameters, @ (Eq. 9)

E(logL) Mean of the pogerior distribution of loglikelihoodscores, 7

Var(logl) Variance of the poserior distribution of loglikelihood scores, s?

Example output

Reading file list...
2 models to compare.

2 files for model 1.
Burnin (applied to each file) is 1001 for model 1.
Thinning interval (applied to each file) is 2 for model 1.

2 files for model 2.
Burnin (applied to each file) is 1001 for model 2.
Thinning interval (applied to each file) is 2 for model 2.

Files for model 1:
sym_tentaxa ONEtree AIC3x.runl.p
sym_tentaxa ONEtree AIC3x.run2.p

Files for model 2:
sym_ tentaxa_ twotree AIC3x.runl.p
sym_tentaxa_ twotree AIC3x.run2.p

Number of draws in MCMC file: 5000
Number of draws after thinning and burnin: 2000
Number of draws in MCMC file: 5000
Number of draws after thinning and burnin: 2000

Total MCMC draws in model 1 (after burnin and thinning) = 4000

Scanning model 2:

Number of draws in MCMC file: 5000

Number of draws after thinning and burnin: 2000

Number of draws in MCMC file: 5000

Number of draws after thinning and burnin: 2000

Total MCMC draws in model 2 (after burnin and thinning) = 4000

Model Akaike Weight AICM SE_AICM d_hat E(logL) Var (logL)
2 1.00000 52128.5 8.0 149.9 -25989.3 75.0

1 0.00000 52300.4 7.3 137.7 -26081.3 68.9
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Thebumin in thisexample is 1001.Note that this bumin is applied to each *.pfile
specified in thelist for themodd. Thethinninginterval (2 in this example) is applied
after theburnin isremoved. For example, modd 1 indudestwo *.p files, each of which
contain 5000MCMC draws (note that the*.p filesalso contain theinitial values asthe
first ling). After removd of thefirst 1001draws as a bumin, each file then contains4000
draws. Thinning every two draws |eaves 2000draws in each of thetwo files. The
remaining draws from both files are combined for atotal of 4000draws after burnin and
thinning for modd 1.

Of particular interest to users are the Akaike weights, which specify therelative suppot
for themodds tha were evaluaed. Themodds are listed in descending order of suppott
and are numbered accordingto the order specified in theinputfile. The Monte Carlo
standad error can be used to determine whether the differences observed beween AICM
for themodds could be dueto Monte Carlo sampling error.
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Appendix 1.

L et@ convince ourselves that equaion 4 is correct by usng MAPLE to compute the
expectation and variance of f(X) udngequdionsl, 2, and 3. We use MAPLE to dothe

integration. | will specify MAPLE inputcodein red and its outputin blue The command
QestartOclears MAPLEG memory. The Gassume( )Ocommand places boundson the
paameters (MAPLE isasymbolic algebrapackage and will use those congraints to
simplify matters when it can). Telling MAPLE tha " < 1 amourtsto tellingit tha

lambdais close to one Thethird lineinputs equéion 1.
> restart,;
> assune(al pha>0, | anbda=1);

> f X := (x,al pha,lanbda) -> (x~(al pha-1)*exp(-x/|anmbda)) /
(GAMVA( al pha) * | anmbda”al pha);

Let® use equation 2 to find themean of f ()

> Mean_ X := sinmplify(int(x*f_X(x, al pha,lanbda), x=0..infinity));
Mean X 1= "~ I~

Here, we find tha we agree that E(X) =! " (thetildes remind ustha we made
assumptionsaboutthe values of the parameters). Now let@ use equaion 3
to compute the variance of f'(x) :

> Var X :=sinmplify(int( (x-Mean_X)"2 * f_X(x, al pha, | anbda),
x=0..infinity));

2
Var X := "~ |~

Agan, wefindtha we agree that Var(X) =! "2,

12



